1 The Derivative

2.5 Definition
The derivative of the function f is the function f’ whose value at x is

oy fl@th) — fz)
flo)=m ==
(if the limit exists).

The domain of f” is the set of points in the domain of f for which the limit exists.
If f exists at a particular x, we say that f is differentiable at x.
If f exists at every point of the domain of f, we call f differentiable.

The process of calculating the derivative f of a particular function f is called
differentiation.

We saw in the last section that
If f(x) = 22, then f'(z) = 2u.
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If = —, then f'(z) = ——.
fl@) = — then '(x) = ——
Notation
Let y = f(x). The following different notations are often used for the derivative

f'(x) :

/

Y “y — prime”;
% “d—y—d—l‘”;
f'(z) = ,
% “d—f—d—w”;
L(f(z) “d—d—zof f(z)"

Notation
Let y = f(x). The following different notations are often used for the derivative

f'(@)

Y “y — prime”;
% Lad_y_d_mvv;
fx) =
% “d_f—d—x”;
L(f(x)) “d—d—axof f(z)".



2.6 Examples
(i) Let g(x) = 322 Then

h—0 h
= m(61’+h)*61}
Note if f(x) = 22, then g(x) = 3f(z) an
g'(x) = w=3f'(l‘)-
(i) Let h(z) = « then
, . xth-x
Pix) = lim ——
=lim1=1.
h—0

Note the graph of £ is a straight line with slope 1.
(i) Let k(x) = 2% + 2. Then

(x+h)?+z+h—-2%-2

K(z) = Jim h
o 2?4 2h+hRP4+ax+h—2—=z
= lim
h—0 h

:}llin%)(2x+1+h):2x+1.

Note if f(x) = 22, h(x) = x then k(z) = f(x) + h(x) and
K(z)=2x+1=f'(x)+ h(x).

2.7 Rules for Derivatives
(i) If f(z) is a constant function, say f(x) = ¢, then f'(z) = 0.
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Power rule for positive integers
(ii) If f(x) = «™, where n is a natural number (positive whole number), then

f/(x) = na" "t

We already know that this is true for n = 1, 2.
If n = 3, then f(z) = 2® and

, (e h)3 — a3
fila) = lim =
. 2 +322h + 3zh? + b3 — 23
= lim
h—0 h

= ’llirr%)(?)xz + 3xh + h?)

= 322,
We will prove it by induction later on for any n. We can apply this rule to get the
following:
f@)y=a" = f(z)="T2%
gl@) =2 = g'(z) =5a’;

h(z) =22 = h/(z) = 12822,

Constant Multiple Rule
(iii) If ¢ is any constant and u is a differentiable function of x, then
d du
%(cu) =co
oy i (cu)(@ +h) — (cu)(x)

(cu)(z) = lim ;

o clu(eh) — c(u()
h—0 h

~ e lim u(x + h) — u(x)
T Theo h

Sum Rule
(iv) If w and v are differentiable functions of x, then their sum v+ v is differentiable

at very point where u and v are both differentiable and



(-t o) (z) = hiﬂ% (u+v)(z+ h})L — (u+v)(x)
. ulw+h)—u(x) . v(e+h) —ov(z)
N }11,13%) h + }1L1—>n10 h

Difference Rule
(v) Combining (iii) and (iv) we get the difference rule.

If v and v are differentiable functions of x, then their difference v — v is differ-
entiable at very point where u and v are both differentiable and

(u—v)(x) = (u+ (—v))'(z) = v (2) + (—v)'(z) = v/ (z) — ' (2).

2.8 Derivative of a Polynomial
Putting these rules together, and as we saw in the examples: If

f(@) = ana™ + an12™ ' + -+ a1z + ag,
where a,, # 0 and n > 0, then

fl(x) =napze™ 4+ +ay.



2.9 Example

Find the horizontal tangents to the curve y = z* — 222 + 2.

2.10 Second and Higher-Order Derivatives
If y = 2* — 2% + 62 — 1, then

y =4x® — 22+ 6.

If u = 423 — 2z + 6, then
v =122% - 2.



If v = 1222 — 2, then
v = 24zx.

Now u =y’ and v = v’ = (y’)’. These are called higher-order derivatives.

d
The derivative 3’ = d—y is the first (first-order) derivative of y with respect to x.
x

The derivative may itself be a differentiable function of x; if so, its derivative

p_dy _d (dy\ _dy
T dr dx \dx)  dz?

is called the second (second-order) derivative of y with respect to x.
If y” is differentiable, its derivative
w_dy A (dy\ _dYy

dx dr \ dz? dz3

is called the third (third-order) derivative of y with respect to z.

y® =y

This can continue with

yoo = (0D _dvy
dz \ dz(n=1 dz™
is called the nth (nth-order) derivative of y with respect to x.

More Notation

y “y — prime”;

y" “y — double prime”;
% “d squared y dv squared”;
y" “y — triple prime”;
ym “y — super n”;

4’y «dto the n of y by dz to the n”.
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