0.1 Derivatives of Products, Quotients and Negative Powers

2.11 Products
The derivative of the sum of two functions is the sum of their derivatives, the deriva-
tive of the product is not the product of their derivatives. For example
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The derivative of a product of two functions is in fact the sum of two products.

Product Rule
If u and v are differentiable at x, then so is their product uv, and
d (uv) dv n du
—(wv) = u— +v—
dx dx dx
or
(uwv) = wv' + vu'.
2.12 Example

() Let f(z) = (522 + 1)(2z — 2).

Set u(z) = 52% + 1 and v(x) = 2z — 2.

Use the product rule (uv) = uv’ + vu'.

u'(z) = 10z, v'(z) = 2

Therefore by the product rule

f'(x) = (52 +1)2 + (22 — 2)10x = 302% — 20z + 2.

(i) Let f(z) = (223 + 2) (2% — z).



Setu(x) =22% +zandv(z) = 2% — 2

Use the product rule (uv)’ = uv’ + vu'.

W (z) =622 + 1,0/ (x) = 22 — 1.

By the product rule
flx)= 223+ )2z — 1)+ (2?2 — 2)(62% + 1)

= 102* — 823 + 322 — 2.

Proof of Product rule

(uv)’ = }ILIL% u(x + h)v(x +hh) —u(x)v(zx)

u(z +h)v(z +h) —u(z+ hv(z) + u(x + h)o(z) — u(z)o(z)

= lim

h—0 h
_ iy M) (u(z +h) —v(z)) 4 lim v(z)(u(z 4 h) — u(z))
h—0 h ho0 h

= lim u(z + h) lim v +h) - v(z) + v(z) lim u(z +h) —u(@)

= u(z)v'(x) + v(x)u'(x)
2.13 Quotient Rule:

If u and v are differentiable at 2 and v(x) # 0, then the quotient u /v is differen-
tiable at x and

du _, dv
i (E) _ Vi U e
dx \v V2
or
(U)’ vu' — uv’
v v2

N.B. Due to the minus sign the order of v and v is very important on the right hand
side.



2.14 Example
(i) Let
(522 + 1)

Setu(x) = 5z + 1and v(x) = 22 — 2 s0 f(x) = ——.
v

Use the quotient rule:

Here v/ () = 10z, v'(z) = 2.

By the quotient rule

ooy 1022z —2) — (5z? +1)2 1022 — 20z — 2
J) = (22 — 2)2 T (2r-2)2

3
(ii) Let h(t) = gg jj; .

Set u(t) = 263 + tand v(t) = {2 — t so that h(t) = —2.
Use the quotient rule:
Here u/(t) = 6t> + 1,0'(t) = 2t — 1.

By the quotient rule

(612 + 1) (12 —t) — (263 +1)(2t — 1)

W) =

() (tg_t)g
2t — AP — 2
IGEDE



2.15 Negative powers
If n is a negative integer, (n < —1,) and x # 0, then

d n n—1
— (™) =na" .
7z @)
Note 2" = —— (m = —n > 1 is a positive integer).
X
Then u
" = —
v

n m

whereu =landv=z2"" ==z

Here v/ = 0 and v/ = ma (™=,

By the Quotient rule

d n 2" x0—1x(mz™ 1) _ypgm—!
dr (I ) = o2m = 2m
= —ma—m 1 = pgn-!

2.16 Example
(i) flz) =275, f'(z) = —52~C, f’(z) = 302~".

(i) g(t) =t729, ¢'(t) = =20t 2L, ¢ (t) = 420t 2.

(i) h(a) =a® — a2, h/(a) = 5a* +2a73, b’ (a) = 20a® — 6a~*.
2
(iv) Find an equation for the tangent to the curve y = x + —; at the point (1,3).
x

We first need to find the slope of the tangent at (1, 3).

I
Yy —1_5.

Theslopeatz =1isy'(1)=1—4 = -3.

The line through (1, 3) with slope —3 is
y=3—-3(x—1)=—-3x+6.



Choosing which rule to use

(v)
Let

Rather than using the quotient rule, expand the numerator and divide by z* :

3_32 2
y:w:x_l—i’mﬂ—i—%f?’.
x

Then use the sum and power rules:

_ _ _ 1 6 6
Yy =172 +627°— 6z 4:—ﬁ+w—3—lf4.
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