Limit as x tends to minus infinity

Example 1.8
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Figure 1: Graph of f(x) = 22

(i) As o gets more and more negative, f(x) = x? does not closer to any particular
number- it just gets larger. At some point f(z) will be larger than any number we
choose and stay larger. In this case we say that f(z) tends to infinity as z tends to
minus infinity and write

lim 2?2

=00 or f(x) — 00, as & — —o0.
r— —00

Figure 2: Graph of g(z) = 2>,

(ii) As x gets more negative, g(x) = 3 does not closer to any particular number-it
just gets more negative.

At some point g(z) will be more negative than any number we choose and stay
more negative.

In this case we say that g(x) tends to minus infinity as « tends to minus infinity
and write

lim g(x) = —oc0 or g(z) — —o0, as x — —oo.
T——00



Figure 3: Graph of h(z) = —23 + 5z.

Note lim (—z%)=ocoand lim 5z = —oco.
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However —z° — oo at a much quicker rate than 5z — —oo.

x —a3 % h(x)
—-10 1,000 —50 950
—100 1,000, 000 —500 999, 500

—1,000 1,000,000,000 —5,000 999995000

So that the behavior of —z2 (as + — 00) determines the behavior of h(z) (as © — 00)

Limits

The function f(z) tends to infinity as = tends to minus infinity if, however large
anumber we chose, f(z) gets larger and stays larger than this number, no matter
how large and negative « becomes. We write

lim f(z) = oo.

r— —0Q

The function f(x) tends to minus infinity as x tends to infinity if, however large

and negative a number we chose, f(z) gets more negative and stays more nega-

tive than this number, no matter how large and negative « becomes. We write
lim f(z) = —o0.

r——00



1.9
Let
f($> :a'ern_""""(llx"'aOa

where a,, # 0, is a polynomial. If n = 0, then

lim f(z) = lim ag = ao.

r— —00 x

If n > 0, then
oo if a, > 0andn is even;
I flz) = —oo if a,, < 0 and n is even,;
oot T T Y —00 if an > 0 and nis odd;
o0 if a,, < 0 and n is odd.
lim (—2z* 4 1,0002” 4 5z 4 234) = — oo.

lim (2'® - 2,345,0002'% 4 5672° + 42) = co.

Tr— — 00

lim (—82% + 5632%%) = 0.

Tr——00

lim (772%" + 342°) = — .

T——00

Rational functions
Lety = f(z) = ~
ety = f(x) = —.
Y T
Whatis lim y= lim f(x)?

xr—

As x gets more negative, f(x) gets smaller:

z f(z)
~100 —0.01
~1,000 —0.001

—1,000,000 —0.000001

In fact as = gets more negative, f(x) gets closer to zero: no matter how small a
distance we choose f(z) gets closer than this distance to 0 and stays closer, no
matter how large and negative x becomes.

We say that f(x) tends to 0 as x tends to minus infinity and write

lim f(z) =0 or f(z) =0, as z — —oc.



1.10 Limits

In general the function f(z) has areal limit [ as « tends to minus infinity if, however
small a distance we choose, f(x) gets closer than this distance to [ and stays closer, no
matter how large and negative x becomes and we write

lim f(z)=1 or f(z) =1, as x — —oc.

Tr— —00
Note for any natural number n

1

r——o0 ™

Example 1.11

(i) Let f(z) =2 —2and g(z) = 22 — 1.

So
lim f(z) = —o0, lim g(z) = oc.
Set f@) _x o2
x T —
h(z) = —/—= = —5——.
(z) glz) 22-1
What is
lim_ ~(x)?
z  fx) g(x) h(z)
—10 —12 99 —-0.1212
—100 —102 9,999 —-0.0102
~1,000 —1,002 999,999 —0.001
So as

x — —o0, h(xz)—0.

The reason is g(x) — oo at a much faster rate than f(z) — —oo and hence
determines the behavior of h(x) (as z — —00.)

Again the limit is determined by the highest power of x and where it occurs.

As we are assuming x is large and negative (and hence non-zero) we can divide
through by 22 (the highest power of 2 occurring in the denominator) to get:
r—2  xfa?—2/x 1)z —2/2?

hiw) = 2—1 22/x2 —1/22  1—1/22




Asz — —o0, 1/ — 0, 1/2> - 0and1 — 1.

Therefore / I
. . 1/z—2/x 0
Jm )= i e =10

(ii) Let f(z) = 2% — 5 and g(z) = 42% — 1.

So
lim f(z) =oco= lim g(z).
. fa) _ @
T 7 =5
Mo) =y “wr =1
What is
lim h(z)?

As we are assuming x is large (and hence non-zero) we can divide through by
22 (the highest power of x occurring in the denominator) to get:

22 -5 a?/x? —5/2®  1—5/a?

LR v Sy e g y ey g y L

Asx — —o0,1/22 — 0,1 — 1land 4 — 4.

Therefore / )
. . 1-5/x 1
Ar A= e T

(iii) Let f(x) = 2® + z and g(z) = 10z + 3.

So
lim f(z) = —oco= lim g().
Set 5
g(x 10z + 3
What is
lim h(x)?



As we are assuming x is large (and hence non-zero) we can divide through by =
(the highest power of x occurring in the denominator) to get:

h(z) = P+ Blrtafr 2P +1
100 +3  10x/z+3/z  10+3/x

Asx — —00, 2% — 00,1 — 1,10 — 10 and 3/ — 0.

Therefore )
1
I hie) = Jim $a = o0
Method
. . anx™ + -+ ag
1 h = 1 —_—
S ) = i T ho

. apx™/z™ 4+ ag/a™
= lim
T——00 bm—l—-~-+b0/l‘m

We divided both the numerator and denominator by =™ (the highest power of z in
the denominator). For any natural number k

lim 1/xlC =0.
r——00
For n = m,
. ) an + -+ ag/z™  ap
Forn < m,
lim h(z)= lim n/ ¥ tot a9/$ = 0.
T——00 T— —00 bm"’ _|_b0/xm
For n > m,
. . anxn_m+...+a0/xm
lim h(x) = lim
T— —00 ( ) T — —00 bm 44 bo/xm
= lim —2z" = +oc0.

r——00 m

1.12 Limits of Rational functions
Let
f(x) =apa™ + - + a1z + ao,
g(@) = bpx™ + -+ + bz + by

where a,,, b,, # 0, be polynomials. Set



Then

an n-m

lim —=x =tc0 ifn>m
zgrfloo h(z) = le ifn=m
6n ifn<m
1.13 Examples
i —% + 422 — 100 0
im =
T——00 9927 + 1
. —2% + 423 — 100
im = —00
z——o0 4623 — 52 4 198z — 345
. 533 4 46231 — 100222 5
hm = 941
z——00 941233 4+ 4
. —2% 4 22% 4+ 10z 1
lim = _1
z——00 326 4 22 3
i 250 + 34229 — 2324 + 1
im - _
soo0 227 + bt — 322 + 102 o
. 1,000, 0002* + 722 + 50
lim = 0
T——00 —8x7+1

1.14 Rules for Limits as x — +oo
If L, M and k are real numbers and

lim f(z)=L, lim g(z)=M,

r—+o0 r—+o0
then

(i) Sum Rule: lirﬂrzl f(z)+g(x) =L+ M.

(i) Difference Rule: lim f(z) —g(x) =L — M.

r—+o0

(iii) Product Rule: lirﬂrzl f(z)g(x) = LM.
(iv) Constant Multiple Rule: lirﬁ kf(x)=kL.

. . f(x) L
tient Rule: If M # 0, th 1 —t =
(v) Quotient Rule # 0, then Jm o) ~ M



