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Limits as x tends to a real number
Examples 1.15 (i)

Let f(z) =z + 1.

As x gets closer to 1, f(x) gets closer to 2 = f(1).

Figure 1: Graph of f(z) =z + 1.

(ii)
2?2 —1 (z—1)(x+1)

Letg(m):x_l_ T .

Then g is not defined when z = 1.

However for « # 1, g(x) = x+ 1 and as x gets closer to 1, g(x) gets closer to 2.
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Figure 2: Graph of g(z) = T
T —

Definition 1.16

Let f(x) be defined on an open interval about x¢, except possibly at xg itself. We
say that f approaches the limit / (I a real number)as = approaches z if however small
a distance we choose, f(x) gets closer than this distance to [ for = sufficiently close to
(but not equal to) zo. We write

lim f(z) =1
T—T0
or
f(x) =1 as x — xo.
Example 1.17

(i) Let f(x) = 5, for all z. What is 1im2 f(x)?

Un

Figure 3: Graph of f(z) = 5.

il_}rra f(z) =5.

Fact: If f(x) = k, for some constant k, then gﬂlg&l f(x) =k, for any xg.
(i) What is iiﬂ% z2? '

iy =9,



Figure 4: Graph of y = 2.

Fact: If f is any polynomial, then lim f(z) = f(x¢), for any z.
T—xQ
(iii) Let
2?2 —1
if 1;
f@)={z-1 "rAh
1 ifx=1.

% /
= L
T

Figure 5: Graph of f(z).

1.18 Rules
If L, M, c and k are real numbers and

lim f(z) = L, limg(x) =M,

T—cC

then



(i) Sum Rule: lim f(x) + g(z) = L + M.

(i) Difference Rule: lim f(z) — g(z) = L — M.

r—c

(iii) Product Rule: lim f(z)g(z) = LM.

r—cC

(iv) Constant Multiple Rule: lim kf(z) = kL.

(v) Quotient Rule: If M # 0, then lim M = £
e g@) M

If f is a polynomial, then lim f(x) = f(a) = L.

If f and g are polynomials and g(c) # 0, then
flx) _ o)

e g(z)  g(0)”

3 2 13 _1)2 _
lim & + 4z 3:( 1)° +4(-1) 3:9:0.
e—-1  x+5 (—1)2+5 6

Example 1.19 Eliminating zero denominators algebraically

24+x—2

(i) Find lim =

—T
We cannot substitute = 1 as it makes the denominator zero.

We test the numerator to see if it is zero at z = 1 (if so it has a factor of (z — 1)
in common with the denominator):

124+1-2=0.

We can cancel the (z — 1)’s to get:

2
—9 _
g T 2=2 o (@-1(@+2)
x—1 5[’2 — X r—1 (l‘ —_ ]_)CE
2
—limEE 3
rx—1 xX
2
x° +5r +6
(ii) Find wlilzlg 1
‘We cannot substitute x = —2 as it makes the denominator zero.



We test the numerator to see if it is zero at z = —2 (if so it has a factor of (z +2)
in common with the denominator):

(—2)2 +5(-2) +6=4—10+6=0.

We can cancel the (z + 2)’s to get:

. 22 +5x+6 ¢
lim ————— = lim
z——2 x? —4 T——2 (

Examples 1.20
1
(i) Let f(z) = —.
x

ﬁ\

1
Figure 6: Graph of f(z) = .

As we can see from the graph f(z) < 0,if 2 < 0 and f(z) > 0,if 2 > 0.

x f(z)
—0.1 -10
—0.01 —100
—0.001 —1,000
—0.0001 | —10,000
0.1 10
0.01 100
0.001 1,000
0.0001 10,000

If 2 is close to but less than 0, f(x) — —o0, as x — 0.

If 2 is close to but greater than 0, f(x) — oo, as z — 0.

1
In this case — — —oo as = approaches 0 from the left (x is less than 0), we write
x

. 1 1
lim — =lim— = —oo0.
z—0~ T z10 T



1
Likewise — — oo as x approaches 0 from the right (z is greater than 0), we write
x

. 1 o1
lim — =lim — = co.
rz—0+t T z|0 T

The line « = 0 is called a vertical asymptote of the graph.
The line y = 0 is called a horizontal asymptote of the graph.

T+ 3
T+ 2

N

(ii) Let f(z) = . Thenf is not defined when z = —2.

3
Figure 7: Graph of f(x) = z::: 5




Definition 1.21

Aline y = b s called a horizontal asymptote of the graph of a function y = f(x)
if either
lim f(z)=b or lim f(z)="o.

r— 00

A line = a is called a vertical asymptote of the graph of a function y = f(x)

if either
1i%n f(z) = +o0 or li{n f(z) = to0.
Let fa)
x
"=

be a rational function. If g(a) = 0, but f(a) # 0, then the line = = a is a vertical
asymptote of the graph of h and

lim h(z) = £oo, limh(z) = £oo.

zTa xla
Furthermore if k(x) = f(x)g(x), then
h(z) > 0 < k(x) > 0,
h(z) < 0 < k(z) < 0.

To determine li%n h(z), we look at k(x) for x close to but less than a.

To determine whether lim h(z), we look at k(x) for  close to but greater than

zla
a.
Example 1.22
(i) Let f(z) = —— 1 Then f is not defined when © = +2.
22—
8 . 2
flx) = s not defined, when 2° — 4 = 0 or z = £2.
22—

If z is close to but less than —2, 2> —4 > 0 and so f(x) = —8(z? —4) < 0 and
f(z) = —oc,asz T —2:

ml%rflzf(x) = —00.

If z is close to but greater than 2, 2> — 4 > 0 and so f(z) = —8(z? —4) < 0
and f(z) - —oo,asx | 2:

lim f () = —o0.
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Figure 8: Graph of f(z) = —

8
x2 -4

If -2 <2 < 2,then2? —4 > 0so f(z) > 0 and

Jim f(w) = o0 = lim f(x).

11z +2
23— 1

|

. f is not defined when z = —

(ii) Let f(x) R R

11 2
Figure 9: Graph of f(z) = %
3 _



