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1 Natural Logarithm

4.1 Natural Logarithm

anrl
If n # —1, then /L” dr =

C.
n—&-lJr

Figure 1: Graph of f(z) = 2™, forz > 0.

1 1
For x > 1, the integral / 7 dt represents the area under the curve y = 7 and

1
above the t-axis, betweent = 1 and t = x.

4.1 Natural Logarithm
For any = > 0, set

xT 1
In(z) = / — dt.
1 t
The function In is called the natural logarithm. By 3.16, (E.T.O.C. Part I)

d
7T (In(z)) = —,



for 2 > 0. So the natural logarithm is an antiderivative of 2~ on (0, c0).

1.1 Properties
4.2 Properties

1
1. ln(l):/ —dt =0.
1 t

2. If x > 1, then In(z) > 0. This is apparent from the area interpretation but also
from 3.15 (Property 7).

@ q 1
ln(:z:):/ fdt:f/ —dt <0,
1 t T t

3.15 (Properties 1 and 7).

3. f0 <z < 1, then

4. /ld:r:ln(\w\)JrC,forx#O.
J x

When z > 0, then |z| = x and

d d 1
7, n(lzl) = - (n(2)) = —.
When = < 0, then |z| = —x and we set w = —z > 0. B y the Chain rule
d d d du 1 1
< (In(la])) = +-(In(w) = < (n(w) 5 =~ = -

5. If u is a differentiable function that is never zero, then

1
/E du = In(|u]) + C.

If f is a differentiable function which maintains a constant sign on the domain
given for it, then

@)
[ F as = wgra+c.

6. For any u, v > 0,
In(uv) = In(u) + In(v).



ln(v):/ 1dt.
1t

Make the substitution s = ut so ds = udt, whent =1, s = u, whent = v, s =

uv and
v 1 v uv 1 uv 1
1n(v)=/ fdt:/ ﬁdtz/ fds:/ = dt.
1t 1 ut w S w b
Therefore, by 3.15 (Property 5),

u 1 uv 1 uv 1
In(u) + In(v) = / : dt + / n dt = / n dt = In(uv).
1 u 1

. Forany u, v > 0,

From 6,

1
. Forany u > 0, In (u) = —In(u).

From 7,

. For any rational number n,

In(z") = nln(x).

If n = 0, then 2° = 1 and In(2°) = In(1) = 0 = 0. In(x).
If n # 0, set w = =", then, by the Chain Rule,

d o d ~dud(In(u))
L) = (in(u) = To 40D

dr du
nxnfl nl,nfl
U xn x

= —(nln(x)).



By 3.3, In(z™) = nln(x) + ¢, for some constant c. Substituting 2 = 1, we see
that ¢ = 0 and the property is true.

10. In is an increasing function.

This follows as il )
(nz) 1
dx T
for x > 0.

11. If u,v > 0 and In(u) = In(v), then u = v.
This follows directly from 10.

12. lim In(z) = oo.
Tr—00

As In is increasing, we only need to show that given any integer k£ we can find x
with In(z) > k.

If z > 2%F_ then
In(z) > In(2?%) = 2k In(2).

2
1 1 1
In(2) = / n dt > 5(2 -1) = 2 by the Max-Min inequality (3.15 Property
1
5).
Soln(z) > kand lim In(z) = cc.
13. lim In(z) = —c0.
x—0+

lim In(z) = lim In (i) — fim (= In(u)) = —oo.

xr—0+ U— 00 U— 00

1.2 Derivatives

4.3 Derivatives involving In
Find the derivative of the following functions:

(i) f(xz) =In"(z) = (In(z))™, for any non-zero rational number n.

We set u = In(z), then f = u™ and by the Chain Rule

g
dv  du dx
1
=npu" .=
T
" (z)
- x



(ii) f(z) = In(u), for some differentiable function w.
Again we use the Chain Rule

df _ d(n(u)) du

dx du dx

(iii)

(iv) f(x) = In(a®).
Here f(z) = 61n(z) so f'(z) = g
) f(z) =In(23 - 22)
Here u = 2% — 22 so v/ = 32% — 2 and

_3362—2
a3 — 2]

f'(z)

(vi) f(x) = 2°In(x)

5

1
Use the product rule with u = 2%, v = In(x). So v’ = 5z, v = =~ and
x

25
f(z) = -+ 5zt In(x) = 2*(1 + 51n(x)).

(vil) f(z) = In(z*v/ x4 +5)

Here f(z) = In(2?) + In((z* + 5)/2) = 2In(z) + % In(z* +5).

So
d d (1
’ _ 4 Bl - 4
Fa) = e+ o (jnGet+5)
S
Sz 2244107



(wiii) f(z) = 1n< ! )

3

Here f(z) =In (27%) = —3In(z). So

fay =2
2
ﬁmfuﬂzm(iiz>
Here f(z) = In(2 + 2?) — In(1 4+ z). So
oy =221
f(z)_2+w2 1+

1.3 Integrals

4.4 Integrals involving In
Determine each of the following integrals:

i I= /ln(gc) dzx.

. . 1
We use integration by parts: set u = In(z), v/ = 1, then v’ = — and v = .
x

So 1
I = /ln(a:).l dx = x1n(z) — /x;daz

=zln(z) - [ldz =zIn(z) —x+ C.
(11) I:/md])

Set f(z) =5 — 422, then f'(z) = —8u.
So

1 ), 1 1 2
I—‘g/f@f“—‘?“““m+c“?“b‘“D+C'

Y L
(iii) I7/4 \/7?(4—}—\/%)

Set u(t) = 4 + Vi, then //(t) = %ﬁ and u(4) = 6, u(5) = 4+ V5.

6



So
I =2 Yap =2 [V gy

=2 [ln(|u|)]§+‘/5 =2In <4+6\/5> .

(iv) / t21n(t) dt

Use integration by parts:

/t2ln(t)—t31n(t)—/t2dt—t31n(t)—+C
3 3 3 9 '

) /ln <t12> dt

1
We use the fact that In () = —21n(¢).
2

/m (é) dt = /len(t)dt: f%+c.

2 Exponential functions

Therefore

4.5 The Exponential function
The natural logarithm function is a 1 — 1 function and so we can define an inverse

functionln™!: R — (0, 00) (we will call it exp) as follows
exp(z) =y where In(y) = z.

Let e = exp(1). Then the following are true:

(1) In(e™) = nln(e) = In(exp(n)) and so e™ = exp(n), for any rational number n.

(ii) For any real number = we define e* = exp(z).

u v

(i) In(e“"") = (u +v) = In(e") + In(e") = In(e"e") and so "V = e“e".

u

) _ e
@{iv) 7Y = —.

—-v _
) e "= o



4.6 Exponential functions
Let a be any positive real number. Then, for any rational number n
a” = elm(a") — In(a)
For any real number x, we define
T _ T In(a) ]

a

We can show (see board) that the function x — a® (exponential function) satisfies the
following properties, for u,v € R, b > 0:

(i) a® = 1. (i7) a* = a. (iid) a“T = a%a’.

(iv) a7 =—. (v) a7’ =—. (vi) (ab)® = a"b".

4.7 Derivative and Integral of e*

Set y = e*. Then In(y) = «.

By the Chain Rule,
1dy
——==1.
y dx
d
Therefore © = y and
dx
d .
Iz (e") =e*
If u 1s a differentiable function of x, then
d du ,
% (6 ) = %6 .

Hence e” is an antiderivative of e and

/e””d:c:e”“rC.



4.8 Derivative and Integral of a”

Set a” = e (@),
By the Chain Rule,
d d d
% (am) — % (emln(a)> — €rln(a)%(l‘hl(a))
= 1n(a)e$ln(a> = In(a)a”.
As @ is an antiderivative of a” and
In(a)

T . a”
/a dr = n(a) +C.

4.9 Examples
Find the derivative of the following functions w.r.t. x:

@ 6°

(i) 4797

d mm_d T\ __ x
7o (4797) = 7 (367) = In(36)36".

(i) z2e?®

Use the Product Rule and Chain Rule:
d

xT T d T
. (erQ ) = 2ze? —&—xz% (62 )

= 276%® + 222%e%" = 2xe?” (1+2).

. 3_
@iv) e® ~*.

Use the Chain Rule, set uw = 23 — z :

% (exS_I) = %e“ = (32% — 1)6“”3_“”.



v e’ 15
(V)/O <ln(5t)—t> dt.

By the ET.O.C. Part I
& /w ) )
dr \ Jo \In(5t) —t¢ In(5z) — =

4.10 Integrals involving exp
Determine each of the following integrals:

2 3
@) / 3z%e” dx.
0

Here I = [u/e“dx where u = 2%, u(0) = 0, u(2) = 8.

Therefore ¢
I= / eldu =[]} =e® — e =ed — 1.
0

(i) I = /x%m de.

Use integration by parts: let u = x

I= /xzexda: = 2% — Q/xexda:.
Need to use integration by parts again to find [ ze” dx (see next tutorial sheet).
1
e €T _ 7’1‘
(iii) /71 7 dx = |:ln(7)

@iv) I = /127”” dx.

2 v =e% thenu = 2z, v =" and

1
1 1 48
}_1 = ok (T 1) = 55 by 410,

xr

Use integration by parts: let © = 22, v/ = 7%, then v’ = 2z, v = m and
n

70 7" 2
I = 2 — 22 _ T .
/ TR T T Rm T m / T dr

Use integration by parts again: set u; = z, v} = 7% thenu} = 1, v =

x

In(7)

and

10




/xhl?(ﬂ;)dx:mlgzn—lnzn/ﬁd.r:hj:?)<x—lnz7)>+0.

So

/ o 1n7<m7> = 1n7(E7> ( - 1r12<$7> i 1n22(7>> e

4.11 Exponential Growth and Decay

Suppose that f is a differentiable function of ¢ with f'(t) = f(¢).

Then set F'(t) = Ltt)
(&
By the Quotient Rule
e f(t) — et f (1)
F'(t) = T =0

Therefore F'(t) = ¢, for some constant ¢ and

f(t) = ce'.

Suppose that y is a differentiable function of ¢ with ' = ay, for some constant
a.

Set u = «at, then
_dy_dydu _ dy

W= " dwdt Yau

d,
Soy = i and

for some constant c.

Assume that a quantity y varies with time ¢. Then y is said to grow or decay
exponentially if y' = ay, for some constant cv.

In this case we know that

_ u o __ at
y=ce =ce

for some constant c.

11



If o > 0 (the growth constant), then y increases exponentially with time.
If o < 0 (the decay constant), then y decreases exponentially with time.

If 9 is the value of y at t = 0, then

yo = ce® = ¢,

y = yoe

4.12 Examples

(i) If the decay constant of a radioactive substance is X < 0, then compute the time
T (known as the half-life) after which only half of the any original quantity remains.
Attimet =T :

1
%0 = yoe T
1
5= KT
In 1 =1In (eKT) = KT
2
—In(2) = KT
In(2)
— =T.
K

(ii) The half-life of radium is 1690 years. If 10% of an original quantity of radium
remains, how long ago was the radium created.

In(2
From the previous example we know that 1690 = T" = —% where K is the

decay constant and so
In(2)
1690

We set ¢ = 0 when the radium was created. At the present time ¢
y(t) = yoe™t = 0.1y
= Kt =1In(0.1) = —In(10)

Lo In(10) _ 1690111(10)
In(2)

= 1690(3.32) ~ 5611
i 690(3.32) ~ 56

So the radium was created approx 5611 years ago.

12



(iii) A quantity y is said to grow exponentially at the rate of r percent per year if
1+
v=w(1+ 175)

with ¢ in years. Find the exponential growth constant K for such a quantity.
yzm(1+l;y=yw“@*ﬁ)
100 '

Therefore

T
K= (1+-2).
2 100

(iv) Under continuous compounding of interest, an invested amount will grow expo-
nentially. What is the initial sum that will be multiplied by five in 8 years and
will amount to £10, 000 after 24 years.

Let P, be the initial sum invested, P(t) the sum after ¢ years and r the interest
rate. Then )
P(t) = Pyeto,

We know that P(8) = 5P, so

= 5H =100
8r
1 = —
= In(5) 100
25
= 5 In(5) =r

We also know that P(24) = 10,000 so that

24r

10,000 = Pye1oo = Poe%

= Pye?®) = 125PR,

10,000
Py = ——" —80.
0 125

13



4.13 Some facts about the exponential function

(1) e® > 0, for all z € R (by definition).

. . . d, ., .

(i) e” is increasing as — (e”) = e” > 0.

dx

.. d 1 . . .

(iii) e (y —In(y)) = 1 — — > 0 so that y — In(y) is increasing and positive, for
x
y>1.1f0 <y <1, theny — In(y) >y > 0.

Therefore z = In(e®) < e® and e” —z > 0.

(iv)
lim e* > lim 2 = oo.

T—00 Tr— 00
(v) Setu = —ux, then

lim €= lim e “= lim — =0.

T——00 U—00 u—oo e

4.14 Graphs of exp and In

Figure 2: Graph of f(z) = In(z), for > 0.

In(xz) >0ifx > 1,In(z) =0ifz =1,In(z) < 0ifx < 1.
In is an increasing function.

lim In(x) = oc.

T—00

mlg%ﬁ In(z) = —oc.

e” >0, forall x € R.

14



Figure 3: Graph of f(z) = e”.

exp is an increasing function.

lim e* = oo.
r— 00

lim €e* =0.

Tr— — 00
4.15 L’Hopital’s Rule
If f(x) and g(x) both approach 0 or both approach £o0, then
/
lim /() = lim f/(x)
g(x) g'(x)

Here “lim” stands for any of

lim, lim , lim, lim, lim.
r—oo r——00 z—a zla xla

4.16 Example

I S
(i) Find }EH 1
Here f(t) =t? +t—2,g(t) =t*> —1and f(1) = 0= g(1).

Using L'Hopital’s Rule

P4t —2 . 241 3
lim = lir ==
t—1 12 — t—1 2t
N . P+ 9 7
(i) Flndthm1 Pt Here f(t) =t +1, g(t) =t"+1and f(—1) =0 = g(—1).

Using L’Hopital’s Rule
41 9% 9

e e T e e T
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(iii) Find lim

xr—00

In(z) -

Here f(z) = In(x), g(z) =z and lim f(z) =oco = lim

Tr— 00 Tr— 00

Using L’Hopital’s Rule

(iv) Find lim %7 for any positive integer n. Here f(z) =
rT—00 €
lim f(z) =oco= lim g(x).

Tr— 00

Using L’Hopital’s Rule

‘We can show, by induction that

o !

g(x).

lim — = lim &:n! lim i:O.

rz—oo et r—oo el rz—oo et
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